W.B. Johnson has constructed a series of Banach spaces non isomorphic to the Hilbert one that have the hereditarily approximation property (shortly hereditarily AP): all their subspaces also have the AP. All these examples were "sufficiently" non symmetric and this fact allows Johnson to ask: whether there exists any Banach space X with symmetric (or, at least, subsymmetric) basis, distinct from the Hilbert space such that each its subspace has the AP?
Introduction
A Banach space X is said to have the approximation property (shortly: AP) provided for every compact subset K ⊂ X and every ε > 0 there exists a (bounded linear) operator u : X → X with a finite dimensional range such that ux − x ≤ ε for all x ∈ K.
It will be said that X has the hereditarily approximation property (hereditarily AP) if every subspace of X has the AP too. Certainly, any Hilbert space has this property.
The long-standing approximation problem was: Whether every Banach space has the AP? It was solved in negative by Enflo [1] , who constructed the first example of a Banach space X, which does not have the AP. This result was strengthened by A. Szankowski [2] , who showed that if there exists a such real p = 2 that l p is finitely representable in X (definition of this and other notions will be given below) then X contains a subspace Y , which does not enjoy the AP. O.V. Reinov [3] constructed an example of a Banach space, that has not the AP, with the property: l p is finitely representable in X only for p = 2.
Nevertheless, the natural hypothesis: "a Banach space X has the hereditarily AP if and only if X is isomorphic to the Hilbert space" was denied by W. Johnson [4] , who constructed a series of examples of Banach spaces not isomorphic to the Hilbert space, each of which has the hereditarily AP.
All these examples were "sufficiently" non symmetric and this fact allows Johnson to pose a question (cf. [4] ):
Whether there exists a Banach space X with symmetric (or, at least, subsymmetric) basis, distinct from the Hilbert space, with the hereditarily approximation property?
In this paper will be obtained a partial answer on the Johnson's question. Namely, it will be shown that there exists a Banach space W with a subsymmetric basis, which is non equivalent to any symmetric basis, that has the hereditarily AP.
Proofs are based on the notion of stable Banach spaces, due to J.-L. Krivine and B. Maurey [5] . Namely, it will be shown that if a Banach space X is not isomorphic to a stable space then there exists a Banach space W with a spreading basis (w n ), which is not equivalent to any symmetric one, that is finitely representable in X.
Among examples presented in [4] there is a space X J , defined as a completition of vector space c 00 of all finite sequences of scalars (i.e. sequences (a i ) ∞ i=1 , whose members all but a finite number are vanished) by the norm
A j x denotes a sequence (y n ) where y n = x n for n ∈ A j ; y n = 0 if n / ∈ A j ; the supremum is taken over all such A j 's that inf{A j : 1 ≤ j ≤ k n } ≥ n and a sequence (k n ) of natural numbers is chosen in a some special way.
As was mentioned in [4] , the space X J contains no subspaces that isomorphic to the Hilbert space; it has the uniform approximation property and enjoys the hereditarily AP. As was noted before, since X J is not isomorphic to any stable space, there exists a Banach space W with a spreading basis (w n ) (since superreflexivity of X J the basis (w n ) is subsymmetric), which is not equivalent to any symmetric basis that is finitely representable in X. From the author's paper [6] easily follows that W has the hereditarily AP. Moreover, W has a more powerful property: any Banach space that is finitely representable in W has the AP.
The paper [6] , mentioned above, was hardly compressed before its publication. For this reason (and also for completeness), arguments from [6] will be detailed here.
Definitions and notations
Definition 1. A Banach space X is said to have the approximation property (shortly: AP) if for every compact subset K ⊂ X and every ε > 0 there exists a (bounded linear) operator u : X → X with a finite dimensional range such that ux − x ≤ ε for all x ∈ K.
X is said to have the λ-uniform approximation property (λ-UAP) if there exists a function f (n, λ) : N → N such that for any finite dimensional subspace A of X of dimension dim(A) = n there exists a finite rank operator u : X → X, which is identical on A, is of norm u < λ and rg(u) = dim(uX) ≤ f (n, λ). If X has the λ-UAP for some λ < ∞, it will be said that X has the UAP. Definition 2. It will be said that a Banach space Y is finitely representable in a Banach space X (shortly Y < f X ) if for every ε > 0 and every finite dimensional subspace A of Y there exists a subspace B of X that is (1+ε )-isomorphic to A (i.e. there exists an isomorphism u between A and B with N (u) = u u −1 < 1 + ε ).
Y is crudely finite representable in X ( in symbols:
Banach spaces X and Y are said to be finitely equivalent, shortly:
Any Banach space X generates two classes:
For any two Banach spaces X, Y their Banach-Mazur distance is given by
where u runs all isomorphisms between X and Y and is assumed, as usual, that inf ∅ = ∞.
It is well known that log d(X, Y ) defines a metric on each class of isomorphic Banach spaces. A set M n of all n-dimensional Banach spaces, equipped with this metric, is a compact metric space that is called the Minkowski compact M n .
A disjoint union ∪{M n : n < ∞} = M is a separable metric space, which is called the Minkowski space.
Consider a Banach space X. Let H (X) be a set of all its different finite dimensional subspaces (isometric finite dimensional subspaces of X in H (X) are identified ). Thus, H (X) may be regarded as a subset of M, equipped with the restriction of the metric topology of M.
Of course, H (X) need not to be a closed subset of M. Its closure in M will be denoted H (X). All spaces Y from X f have the same set H (X). This set, uniquely determined by X (or, equivalently, by X f ), will be denoted by M(X f ) and will be referred as to the Minkowski's base of the class X f . Definition 4. (Cf. [7] ). For a Banach space X its l p -spectrum S(X) is given by
. Thus, the l p -spectrum S(X) may be regarded as a property of the whole class X f . So, notations like S(X f ) are of obvious meaning.
Definition 6. Let I be a set; D be an ultrafilter over I; {X i : i ∈ I} be a family of Banach spaces. An ultraproduct (X i ) D is a quotient space
If all X i 's are all equal to a space X ∈ B then the ultraproduct is said to be the ultrapower and is denoted by (X) D .
An operator d X : X → (X) D that asserts to any x ∈ X an element (x) D ∈ (X) D , which is generated by a stationary family {x i = x : i ∈ I}, is called the canonical embedding of X into its ultrapower (X) D .
It is well-known that a Banach space X is finitely representable in a Banach space Y if and only if there exists such ultrafilter D (over I = ∪D) that X is isometric to a subspace of the ultrapower (Y ) D .
Let X be a Banach space.
Definition 7. A sequence {x n : n < ∞} of elements of X is said to be • Spreading, if for any n < ∞, any ε > 0, any scalars {a k : k < n} and any choosing of
• Symmetric, if for any n < ω, any finite subset I ⊂ N of cardinality n, any rearrangement ς of elements of I and any scalars
• Subsymmetric, if it is both spreading and 1-unconditional.
Let C < ∞ be a constant. Two sequences {x n : n < ∞} and {y m : m < ∞} are said to be C-equivalent if for any finite subset I = {i 0 < i 1 < ... < i n−1 } of N and for any choosing of scalars {a k : k < n}
Two sequences (x n ) and (y m ) are said to be equivalent if they are C-equivalent for some C < ∞.
Superstable classes of finite equivalence
Definition 8. A Banach space X is said to have the Tsirelson property if it does not contain subspaces that are isomorphic to l p (1 ≤ p < ∞) or c 0 .
The first example of a Banach space with such property was constructed by B.S. Tsirelson [8] .
From the other hand, there are classes X f that has "anti-Tsirelson property": every representative of a such class contains some l p . Some of these classes may be pick out by using of stable Banach spaces, which were introduced by J.-L. Krivine and B. Maurey [5] .
Definition 9. A Banach space X is said to be stable provided for any two sequences (x n ) and (y m ) of its elements and every pair of ultrafilter D, E over N lim
The notations D(n) and E(m) are used here (instead of D and E) to underline the variable (n or m respectively) in expressions like lim D(n) f (n, m).
Proof. If Y ∈ X f is superstable then each its subspace is stable because of the property of a Banach space to be stable is inherited by its subspaces. Hence, each subspace of every ultrapower (Y ) D is stable too, because of {Z : Z < f Y } is coincide with the set {Z : Z is isometric to a subspace of some ultrapower (Y ) D Conversely, if every Y ∈ X f is stable, then all ultrapowers of Y are stable too.
Definition 11.
A class X f of finite equivalence that contains a superstable space will be called a superstable class.
In [5] it was shown, that any stable Banach space X is weakly sequentially complete; every subspace of X contains a subspace isomorphic to some l p (1 ≤ p < ∞).
Definition 12. (Cf. [10] ) Let X be a Banach space, (x n ) ⊂ X be a nontrivial normed sequence of elements of X (i.e. (x n ) contains no Cauchy subsequences); D be an ultrafilter over N. For a finite sequence (a i )
Let sm(X, (x n ) , D) be a completition of a linear space c 00 of all sequences
of real numbers such that all but finitely many a i 's are equal to zero. The space sm(X, (x n ) , D) is said to be a spreading model of the space X, which is based on the sequence (x n ) and on the ultrafilter D.
Clearly, any spreading model of a given Banach space X has a spreading basis and is finitely representable in X.
Definition 13. Let X be a Banach space. Its IS-spectrum IS(X) is a set of all (separable) spaces Y, (y i ) with a spreading basis (y i ) which are finitely representable in X.
Theorem 2.
A class X f is superstable if and only if every member Y, (y i ) of its IS-spectrum has a symmetric basis.
Proof. Let X f be superstable; Y ∈ X f . By [5] , every spreading model of Y has a symmetric basis. Let (Y ) D be an ultrapower by a countably incomplete ultrafilter. Then (see [11] ) (Y ) D contains (as a subspace) every separable Banach space which is finitely representable in Y . In particular, any space Z, (z i ) of IS(X f ) is isometric to a subspace of (Y ) D .
Since (z i ) is a spreading sequence, sm((Y ) D , (z i ) , E) is isometric to Z, (z i ) for any ultrafilter E. Hence, (z i ) is a symmetric sequence.
Conversely, assume that every Z, (z i ) has a symmetric basis. Assume that X is not superstable. Then there exists a space from X f which is not stable (it may be assumed that X is not stable itself). By [5] there are such sequences (x n ) and (y m ) of elements of X that sup m<n x n + y m > inf m>n x n + y m .
Let D be a countably incomplete ultrafilter over N.
Here is assumed that X n is a subspace of X n+1 = (X n ) D under the canonical embedding d Xn : X n → (X n ) D .
Let D, E be ultrafilters over N. Their product D × E is a set of all subsets A of N × N that are given by
Certainly, D × E is an ultrafilter and for every Banach space Z the ultrapower (Z) D×E may be in a natural way identified with ((Z) D ) E . So, the sequence (x n ) ⊂ X defines elements
Notice that x k ∈ X k \X k−1 . It is easy to verify that (x k ) k<∞ ⊂ X ∞ is a spreading sequence. Since X ∞ ∈ X f , it is symmetric. Moreover, for any z ∈ X, where X is regarded as a subspace of X ∞ under the direct limit of compositions
the following equality is satisfied: for any pair m, n ∈ N x n + z = x m + z .
Since (x n ) and z are arbitrary elements of X, this contradicts to the inequality sup m<n x n + y m > inf m>n x n + y m .
This result may be generalized to classes of crudely finite equivalence.
Definition 14. A class X F of crudely finite equivalence is said to be crudely superstable if it contains a superstable space.
Certainly, any crudely superstable class X F has the property: Every Banach space Y , which is finitely representable in a some space Z ∈ X F contains a subspace that is isomorphic to some l p ( 1 < p < ∞).
Theorem 3. A class X F is crudely superstable if and only if for every Z ∈ X F its IS-spectrum IS(Z) consists of spaces W, (w n ) , whose natural bases (w n ) are c Z -equivalent to symmetric bases where the constant c Z depends only on Z.
Proof. Let X F be crudely superstable. Then some Y ∈ X F is superstable and for any Z, which is crudely finitely representable in Y , and for any space W, (w n ) from the IS-spectrum IS(Z), its natural basis (w n ) is
Conversely, let X 0 be such that every space W, (w n ) ∈ IS(X 0 ) has a basis (w n ), which is equivalent to a symmetric one (certainly, this is equivalent to the assertion that for every Z ∈ X F its IS-spectrum IS(Z) consists of spaces W ′ , (w ′ n ) , whose natural bases (w ′ n ) are equivalent to symmetric bases. It is easy to show that there exists a constant c X such that every space W, (w n ) ∈ IS(X 0 ) has a basis (w n ) which is c X -equivalent to a symmetric one.
Indeed, let (c k ) be a sequence of real numbers with a property: for every k < ∞ there exists W k , w k n ∈ IS(X 0 ) such that w k n is c k -equivalent to a symmetric basis and is not c k−1 -equivalent to any symmetric basis. Without loss of generality it may be assumed that all spaces (W k ) are subspaces of a space from (X 0 ) f , e.g. W k ֒→ X 0 . Consider an ultrapower (X 0 ) D and its elements w k = w k n D(k) . Clearly (w k ) k<∞ ⊂ (X 0 ) D is a spreading sequence that is not equivalent to any symmetric sequence.
Consider some Z ∈ X F , such that Z contains any space from its IS-spectrum. Let c Z be the corresponding constant which was defined above. Let {Z α : α < κ} (κ is a cardinal number) be a numeration of all subspaces of Z that may be represented as span(z Using the standard procedure of renorming, due to A. Pe lczyński [12] , it may be constructed a space Z ∞ ≈ Z such that Z ∞ contains as a subspace every space W ∞ from IS(Z ∞ ), which (by the renorming procedure) has a symmetric basis.
From the theorem 6 follows that Z ∞ (and, hence, the whole class (Z ∞ ) f ) is superstable. Since Z ∞ ∈ X F the class X F is crudely superstable.
Indeed, it is sufficient to choose as a unit ball B(Z ∞ ) = {w ∈ Z ∞ : w ≤ 1} a convex hull of the union of a set B(Z) with sets {c −1 Z j α B(i α Z α ) : α < κ}, where i α : Z α → W α is an isomorphism between Z α and a space W α with a symmetric basis w (α) n , which is given by i α z
Factorization of operators
Results of this section are based on some T. Figiel ideas [13] .
Let X, Y be Banach spaces, L(X, Y ) be the space of all (linear, bounded) operators from X to Y . Let F (X, Y ) be the space of all finite rank operators (from X to Y ); K(X, Y ) -the space of all compact operators. Let G(X, Y ) be a closure of F (X, Y ) in the strong operator topology of L(X, Y ). G will be called the space of approximated operators.
A factorization (u, v) of an operator T is said to be a K-factorization (resp., G-factorization) if both operators u and v are compact (resp., approximated).
Remark 1. The approximation property may be expressed in the introduced terms.
Namely, a Banach space X has the AP provided for every Banach space Z the following equality is fulfilled:
Remark 2. According to [13] if a Banach space Z has the AP and for every Banach space X every operator T : X → Y has a K-factorization through Z then Y also has the AP .
Indeed, let T :
So, T ∈ G(X, Y ). Since T and X are arbitrary, result follows.
Definition 16. A Banach space X is said to be finitely decomposable if there exists a constant C X such for any its subspace X n of finite codimension there exists a space Y such that d(X, Y ) < C, which is finitely representable in X. C X will be called the constant of finite decomposability of X.
Immediately, if a class X f is generated by a finitely decomposable space X with the corresponding constant C then every Y ∈ X f is also finitely decomposable with the same constant C Y = C. Such classes are also called finitely decomposable classes.
Proof. Let Z ∈ X f . Since Y < f X for every ε > 0 and each i ∈ N the space A i is (1 + ε)-isomorphic to a subspace of Z.
Let i : A 1 → Z be a (1 + ε)-isomorphic embedding; put iA 1 = A ′ 1 . There exist a finite codimensional subspace Z 1 of Z, which contains A ′ 1 , and a projection P 1 : Z 1 → A ′ 1 , such that P 1 ≤ 1 + ε (cf. [14] ). Put
Next we proceed by induction. Assume that Z 1 , Z 2 , ...,Z n ,Z (1) , Z (2) , ...,Z (n) are already chosen. Since Z (n) is of finite codimension in Z and Y f is finite decomposable, Z (n) contains a subspace A ′ n+1 that is (1 + ε n ) isomorphic to A n+1 . From [9] follows that there exists a subspace Z n+1 ֒→ Z (n) of finite codimension that contains A ′ n+1 and a projection P n+1 :
Clearly, the closure W A of the linear span of the sequence {A ′ i : i < ∞} has the desired property.
Let Y , Z be Banach spaces. Let Z has the property:
• For a dense sequence (A i ) i<∞ ⊂ M Y f and for every i < ∞ there is a projection P i : Z → Z such that P i d(P i Z, A i ) ≤ C. Then it will be said that Z has the finite projection property with respect to Y f ; shortly: Z ∈ f pp(Y f ).
the series T i absolutely converges to T .
, and Y f is finite decomposable, Z contains a complemented subspace W (A, Z) as in preceding theorem, which contains a complemented subspace Y 0 , isomorphic to a direct orthogonal sum
Let u∈ G(X, Z) and v ∈ G(Z, Y ) are given by
Their norms are estimated by
The following equality shows that (u, v) is a factorization of T :
Theorem 6. Let X, Y , Z be Banach spaces; Z has the UAP; Y is finitely representable in Z and the class Z f is finite decomposable. Then every compact operator T : X → Y admits a K-factorization through a subspace of Z.
Proof. Let D be a such ultrafilter that Y is isometric to a subspace of (Z) D . Let j : Y → (Z) D be the corresponding isometry. Since Z f is finitely decomposable and Y < f Z, by the theorem 4 there exists a subspace W of (Z) D , which has the finite projection property with respect to Y f .
Let T : X → Y be a compact operator. Then j • T ∈ K(X, (Z) D ). Since Z has the UAP, (Z) D also enjoys this property (cf. [11] ) and, hence, j • T ∈ G(X, (Z) D .
By the theorem 5 there exists a G-factorization (u, v) of j • T through W .
Then ( u, v) is a desired K-factorization of T through a subspace of Z.
5.
A space with a subsymmetric basis that has the hereditarily AP Theorem 7. There exists a (superreflexive) Banach space W with a subsymmetric basis that is not equivalent to any symmetric one, such that every Banach space Z which is crudely finite representable in W has the approximation property.
Proof. Consider the Johnson's space X J (cf. [4] ) that was described in the introduction.
Since X J has the Tsirelson property, it is not isomorphic to any stable Banach space. By the theorem 3 there exists a space W, (w n ) ∈ IS(X J ) which spreading basis (w n ) is not equivalent to a symmetric one. Since X J is superreflexive, (w n ) is subsymmetric. Certainly, W f is finitely decomposable (with c W = 1).
Since W < f X J by the theorem 4 follows that there exists a subspace W 0 ֒→ X J , which is finitely equivalent to W and such that W 0 ∈ f pp(W ). Clearly, W 0 has the hereditarily AP and the uniform approximation property (because of every subspace of X J enjoys UAP by Johnson's construction [4] ).
Let Z < f W (∼ f W 0 ). By the theorem 6 every compact operator U : Y → Z for an arbitrary Banach space Y admits a K-factorization (u, v) through some subspace of W 0 . Since every subspace of W 0 has the AP, from the remark 2 follows that Z also has the AP.
Clearly, if Z 1 is isomorphic to Z it also has the AP. This remark close the proof.
Because of every subspace of W is finitely representable in it, the desired result is obtained.
Theorem 8. There exists a (superreflexive) Banach space W with a subsymmetric basis that is not equivalent to any symmetric one, such that every its subspace has the approximation property.
